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INVARIANTS OF VELOCITIES, AND HIGHER ORDER GRASSMANN BUNDLES
DAN RADU GRIGORE AND DEMETER KRUPKA
invariants of (r, n)-velocities
Abstract
An (r, n)-velocity is an r-jet with source at 0 ∈ Rn, and target in a manifold Y . An (r, n)-velocity is
said to be regular, if it has a representative which is an immersion at 0 ∈ Rn. The manifold T rnY of (r, n)-
velocities as well as its open, Lrn-invariant, dense submanifold ImmT
r
nY of regular (r, n)-velocities, are
endowed with a natural action of the differential group Lrn of invertible r-jets with source and target 0 ∈
R
n. In this paper, we describe all continuous, Lrn-invariant, real-valued functions on T
r
nY and ImmT
r
nY .
We find local bases of Lrn-invariants on ImmT
r
nY in an explicit, recurrent form. To this purpose, higher
order Grassmann bundles are considered as the corresponding quotients P rnY = ImmT
r
nY/L
r
n, and their
basic properties are studied. We show that nontrivial Lrn-invariants on ImmT
r
nY cannot be continuously
extended onto T rnY .
Subj. Class.: Differential invariants; Grassmann bundles
1991 MSC: 53A55, 77S25, 58A20
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1. Introduction
By a velocity one usually means the derivative of a curve in a smooth manifold Y at a point, or, which
is the same, the tangent vector to this curve at a point y ∈ Y . Equivalently, such a velocity is a 1-jet with
source at the origin 0 ∈ Rn and target in Y . Generalizing this concept one may define an (r, n)-velocity
as an r-jet with source 0 ∈ Rn and target in Y .
If such an r-jet can be represented by an immersion of a neighbourhood of the origin 0 ∈ Rn into Y ,
it is called regular, and we speak of a regular (r, n)-velocity.
Concepts of this kind, i.e., the r-jets of differentiable mappings between smooth manifolds, have been
introduced in the fiftieth by Ehresmann (see references in [7]), and have become the basic concepts of
the theory of differential invariants, and the theory of natural bundles and operators (see Kola´rˇ, Michor,
Slova´k [7], D. Krupka, Janysˇka [9], D. Krupka [11], Nijenhuis [14], and the references therein). It should be
pointed out, however, that the problem of finding invariants of velocities and the corresponding problem
of describing the structure of the space of higher order velocities has not been touched in the existing
monographs on differential invariants and natural bundles [7], [9].
The set of (r, n)-velocities on a smooth manifold is a smooth manifold endowed with a right action of
the differential group Lrn of invertible r-jets with source and target 0 ∈ R
n. The purpose of this paper
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is to characterize all continuous scalar invariants of this action, i.e. all real-valued functions defined on
open subsets of T rnY , which are constants on the L
r
n-orbits. Instead of formulating and solving equations
for invariant functions we use a different, more powerful method based on considering the quotient space
of the open, dense subspace of T rnY , formed by regular (r, n)-velocities. The corresponding orbit space
is then called the (r, n)-Grassmann bundle. It is a fiber bundle over Y whose type fiber is the (r, n)-
Grassmannian. The canonical quotient projection of the manifold of regular (r, n)-velocities onto the
orbit space is the basis of invariants of (r, n)-velocities. Geometric structures of this kind as well as their
invariants have been studied by M. Krupka [12], [13].
Thus, to find all Lrn-invariants it is enough to find the projection of the manifolds of regular higher
order velocities onto the higher order Grassmann bundle. We note that an analogous method has been
applied to the problem of finding GLn(R)-invariants of a linear connection [10].
Basic concepts of the first order Grassman bundles has been applied in mathematical physics, and
the parametrization independent variational theory (see e.g. Dedecker [1], Grigore [3], Grigore, Popp [4],
Horva´thy [5], Klein [6]). Higher order Grassmann bundles have become natural underlying structures for
the geometric theory of partial differential equations (Krasilschik, Vinogradov, Lychagin [8]).
2. Higher order velocities
Throughout this paper, m, n > 1 and r > 0 are integers such that n 6 m, and Y is a smooth manifold
of dimension n+m.
By an (r, n)-velocity at a point y ∈ Y we mean an r-jet Jr0 ζ with source 0 ∈ R
n and target y = ζ(0).
The set of (r, n)-velocities at y is denoted by Jr(0,y)(R
n, Y ). Further, we denote
T rnY =
⋃
y∈Y
Jr(0,y)(R
n, Y ),
and define surjective mappings τr,sn : T
r
nY → T
s
nY , where 0 6 s 6 r, by τ
r,s
n (J
r
0 ζ) = J
s
0 ζ. Recall that
the set T rnY has a smooth structure defined as follows. Let (V, ψ), ψ = (y
A), be a chart on Y .. Then the
associated chart (V rn , ψ
r
n) on T
r
nY is defined by V
r
n = (pi
r,0
n )
−1(V ), ψrn = (y
A, yAi1 , y
A
i1i2
, . . . , yAi1i2...ir ), where
1 6 i1 6 i2 6 · · · 6 ir 6 n, and for every Jr0 ζ ∈ V
r
n ,
yAi1i2...ik(J
r
0 ζ) = Di1Di2 . . . Dik(y
Aζ)(0), 0 6 k 6 r. (2.1)
The set T rnY endowed with the smooth structure defined by the associated charts is called the manifold
of (r, n)-velocities over Y .
The equations of the mapping τr,sn : T
r
nY → T
s
nY in terms of the associated charts are given by
yAi1i2...ik ◦ τ
r,s
n (J
r
0 ζ) = y
A
i1i2...ik
(Jr0 ζ), where 0 6 k 6 s. In particular, these mappings are all submersions.
Let trt denote the translation t
′ → t′ + t of Rn. If γ is a smooth mapping of an open set U ⊂ Rn into
Y , then for any t ∈ U , the mapping t′ → γ ◦ trt(t
′) is defined on a neighbourhood of the origin 0 ∈ Rn so
that the r-jet Jr0 (γ ◦ trt) is defined. The mapping
U ∋ t→ (T rnγ)(t) = J
r
0 (γ ◦ trt) ∈ T
r
nY (2.2)
is called the r-prolongation, or simply the prolongation of γ. Since yAi1i2...ik◦T
r
nγ(t) = Di1Di2 . . .Dik(y
A(γ◦
trt))(0) and Di1(y
A(γ ◦ trt))(t′) = Di1(y
Aγ)(t′ + t), we get for its chart expression
yAi1i2...ik ◦ T
r
nγ(t) = Di1Di2 . . . Dik(y
Aγ)(t). (2.3)
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Assume that we have an element Jr0 ζ ∈ T
r
nY . J
r
0 ζ defines the tangent mapping T0T
r−1
n ζ, which sends
a tangent vector ξ ∈ T0Rn to the tangent vector T0T r−1n ζ · ξ to T
r−1
n Y at J
r−1
0 ζ. If ξ = ξ
i(∂/∂ti)0, then
by (2.3),
T0T
r−1
n ζ · ξ =
r−1∑
k=0
∑
i16i26...6ik
(
∂(yAi1i2...ik ◦ T
r−1
n ζ)
∂ti
)
0
ξi
(
∂
∂yAi1i2...ik
)
J
r−1
0
ζ
=
r−1∑
k=0
∑
i16i26···6ik
yAi1i2...iki(J
r
0 ζ)ξ
i
(
∂
∂yAi1i2...ik
)
J
r−1
0
ζ
= ξidi(J
r
0 ζ),
(2.4)
where
di =
r−1∑
k=0
∑
i16i26···6ik
yAi1i2...iki
∂
∂yAi1i2...ik
(2.5)
is a morphism T rnY ∋ J
r
0 ζ → di(J
r
0 ζ) ∈ TT
r−1
n Y over T
r−1
n Y . Indeed, the tangent vectors di(J
r
0 ζ) are
defined independently of the chosen chart: If (V , ψ), ψ = (yA), is some other chart at ζ(0), then
di =
r∑
k=0
∑
j16j26···6jk
yAj1j2...jki
∂
∂yAj1j2...jk
,
and by (2.4),
di = di. (2.6)
We note that formula (2.5) does not define a vector field on T rnY since it is not invariant when the
tangent vectors ∂/∂yσi1i2...ik are subject to coordinate transformations on T
r
nY .
Let f : V r−1n → R be a smooth function. We define the ith formal derivative dif : V
r
n → R by
dif =
r−1∑
k=0
∑
j16j26...6jk
yAj1j2...jki
∂f
∂yAj1j2...jk
.
By (2.6), the functions dif are independent of the charts, and the definition of the ith formal derivative
is naturally extended to functions defined on arbitrary open subset of T r−1n Y .
It can be easily verified that for every smooth function f : V r−1n → R and every smooth mapping γ
of an open set U ⊂ Rn into Y , dif ◦ T rnγ = Di(f ◦ T
r−1
n γ). In particular, we have for every coordinate
function yAj1j2...jk ,
diy
A
j1j2...jk
= yAj1j2...jki. (2.7)
Using the formal derivative operators di, it is now very easy to find the transformation formulas between
two associated charts on T rnY . By (2.7) and (2.6),
yAj1j2...jkjk+1 = djk+1y
A
j1j2...jk
= djk+1y
A
j1j2...jk
= · · · = djk+1 . . . dj2dj1y
A.
This formula may be applied whenever the transformation rules for the coordinate transformations on
Y are known.
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We shall need a formula for higher order partial derivatives of the composed mapping in a form well
adapted to its use in various inductive calculations in the higher order differential geometry and the
theory of differential invariants.
Let n and k be integers. If I = {i1, i2, . . . , ik} is a set of indices such that 1 6 i1, i2, . . . , ik 6 n, we
usually denote DI = Dik . . .Di2Di1 . Let U and V be open subsets of R
n, let f : V → R be a smooth
function, and let α = (αi) be a smooth mapping of U into V . Then one can prove by induction that
Dis . . . Di2Di1(f ◦ α)(t)
=
s∑
k=1
∑
I=(I1,I2,...,Ik)
Dpk . . . Dp2Dp1f(α(t))DIkα
pk(t) . . . DI2α
p2(t)DI1α
p1(t),
(2.8)
where the second sum is extended to all partitions (I1, I2, . . . , Ik) of the set {i1, i2, . . . , is}.
Let us write the transformation equations from (V, ψ) to (V , ψ) in the form
yA = FA(yB). (2.9)
We wish to determine explicitly the functions FAi1 , F
A
i1i2
, . . . , FAi1i2...ir defining the corresponding transfor-
mation
y¯Ai1i2...ik = F
A
i1i2...ik
(yB , yBj1 , y
B
j1j2
, . . . , yBj1j2...jk), 0 6 k 6 r (2.10)
from (V rn , ψ
r
n) to (V
r
n, ψ
r
n).
Lemma 1. The following formula holds
FAi1i2...is =
s∑
p=1
∑
(I1,I2,... ,Ip)
yB1I1 y
B2
I2
. . . y
Bp
Ip
∂pFA
∂yB1∂yB2 . . . ∂yBp
, (2.11)
where the second sum denotes summation over all partitions (I1, I2, . . . , Ip) of the set {i1, i2, . . . , is}.
Proof. We proceed by induction using (2.7).
We assume that the reader is familiar with the concept of the differential group. Recall that the r th
differential group of Rn, denoted by Lrn, is the Lie group of invertible r-jets with source and target at
0 ∈ Rn. The group multiplication in Lrn is defined by the jet composition
Lrn × L
r
n ∋ (J
r
0α, J
r
0β)→ J
r
0α ◦ J
r
0β = J
r
0 (α ◦ β) ∈ L
r
n (2.12)
where ◦ denotes both the composition of mappings, and the composition of r- jets. The canonical (global)
coordinates on Lrn are defined by
aji1i2...ik(J
r
0α) = Di1Di2 . . . Dikα
j(0), 1 6 k 6 r, 1 6 i1 6 i2 6 · · · 6 ik 6 n, (2.13)
where αj are the components of a representative α of Jr0α.
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Lemma 2. The group multiplication (2.12) in Lrn is expressed in the canonical coordinates (2.13) by the
equations
cki1i2...is =
s∑
p=1
∑
(I1,I2,...,Ip)
bj1I1b
j2
I2
. . . b
jp
Ip
akj1j2...jp , (2.14)
where aki1i2...is = a
k
i1i2...is
(Jr0α), b
k
i1i2...is
= aki1i2...is(J
r
0β), c
k
i1i2...is
= aki1i2...is(J
r
0 (α ◦ β)), and the second
sum is extended to all partitions (I1, I2, . . . , Ip) of the set {i1, i2, . . . , is}.
Proof. We apply (2.8).
The manifolds of (r, n)-velocities T rnY is endowed with a smooth right action of the differential group
Lrn, defined by the jet composition
T rnY × L
r
n ∋ (J
r
0 ζ, J
r
0α)→ J
r
0 ζ ◦ J
r
0α = J
r
0 (ζ ◦ α) ∈ T
r
nY. (2.15)
Let us determine the chart expression of this action. To this purpose we use the canonical coordinates aiI
(2.13) on Lrn.
Lemma 3. The group action (2.15) is expressed by the equations
y¯A = yA, y¯Ai1i2...is =
s∑
p=1
∑
(I1,I2,...,Ip)
aj1I1a
j2
I2
. . . a
jp
Ip
yAj1j2...jp , (2.16)
where the second sum is extended to all partitions (I1, I2, . . . , Ip) of the set {i1, i2, . . . , is}.
Proof. To prove (2.16), we apply (2.1), (2.15) and (2.8).
Note the following formula. If γ is a smooth mapping of an open set U ⊂ Rn into Y , U ′ ⊂ Rnan open
set, and α : U ′ → U a smooth mapping, then for every t ∈ U ′,
T rn(γ ◦ α)(t) = (T
r
nγ)(α(t)) ◦ J
r
0 (tr−α(t) ◦ α ◦ trt). (2.17)
To derive this formula, we use definition (2.2), and the identity Jr0 (γ ◦ α ◦ trt) = J
r
0 (γ ◦ trα(t)) ◦
Jr0 (tr−α(t) ◦ α ◦ trt). In particular, if α is a diffeomorphism, then J
r
0 (tr−α(t) ◦ α ◦ trt) ∈ L
r
n, and (2.17)
reduces to the group action (2.15).
3. Higher order Grassmann bundles
An (r, n)-velocity Jr0 ζ ∈ T
r
nY is said to be regular, if it has a representative which is an immersion. If
(V, ψ), ψ = (yA), is a chart, and the target ζ(0) of an element Jr0 ζ ∈ T
r
nY belongs to V , then J
r
0 ζ is regular
if and only if there exists a subsequence ν = (ν1, ν2, . . . , νn) of the sequence (1, 2, . . . , n, n+1, . . . , n+m)
such that detDi(y
νk ◦ζ)(0) 6= 0. Regular (r, n)-velocities form an open, Lrn-invariant subset of T
r
nY , which
is called the manifold of regular (r, n)-velocities, and is denoted by ImmT rnY . Recall that ImmT
r
nY is
endowed with a smooth right action of the differential group Lrn, defined by restricting (2.15), i.e., by
ImmT rnY × L
r
n ∋ (J
r
0 ζ, J
r
0α)→ J
r
0 ζ ◦ J
r
0α = J
r
0 (ζ ◦ α) ∈ ImmT
r
nY. (3.1)
If aki1 , a
k
i1i2
, . . . , aki1i2...ir are the canonical coordinates on L
r
n, this action is expressed by
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y¯A = yA, y¯Ai1i2...is =
s∑
p=1
∑
(I1,I2,... ,Ip)
aj1I1a
j2
I2
. . . a
jp
Ip
yAj1j2...jp . (3.2)
In the proof of the following result we construct, among others, a complete system of Lrn-invariants of
the action (3.1) on ImmT rnY . We use the associated charts on ImmT
r
nY , defined as associated charts on
T rnY .
Theorem 1. The group action (3.1) defines on ImmT rnY the structure of a right principal L
r
n-bundle.
Proof. We have to show that (a) the equivalence R “there exists Jr0α ∈ L
r
n such that J
r
0 ζ = J
r
0χ ◦ J
r
0α
is a closed submanifold of the product manifold ImmT rnY × ImmT
r
nY , and (b) the group action (3.1) is
free.
(a) First we construct an atlas on ImmT rnY × ImmT
r
nY , adapted to the group action (3.1).
Let (V, ψ), ψ = (yA), be a chart on Y , (V rn , ψ
r
n), ψ
r
n = (y
A, yAj1 , . . . , y
A
j1j2...jr
), the associated chart on
ImmT rnY . We set for every subsequence ν = (ν1, ν2, . . . , νn) of the sequence (1, 2, . . . , n, n+1, . . . , n+m)
W ν =
{
Jr0 ζ ∈ V
r
n | det(y
νk
j (J
r
0 ζ) 6= 0
}
. (3.3)
W ν is an open, Lrn-invariant subset of V
r
n , and⋃
ν
W ν = V rn .
Restricting the mapping ψrn to W
ν we obtain a chart (W ν , ψrn).
The equivalence R is obviously covered by the open sets of the form W ν × W ν . We shall find its
equations in terms of the charts (W ν ×W ν , ψrn × ψ
r
n). Let us consider the set R∩ (W
ν ×W ν). Assume
for simplicity that ν = (1, 2, . . . , n). A point (Jr0 ζ, J
r
0χ) ∈ W
ν ×W ν belongs to R ∩ (W ν ×W ν) if and
only if there exists Jr0α ∈ L
r
n such that J
r
0 ζ = J
r
0χ ◦ J
r
0α or, which is the same, if and only if the system
of equations (3.2) has a solution aki1 , a
k
i1i2
, . . . , aki1i2...ir . Clearly, in this system y¯
A, y¯Ai1 , y¯
A
i1i2
, . . . , y¯Ai1i2...ir
(resp. yA, yAp1 , y
A
p1p2
, . . . , yAp1p2...pr ) are coordinates of J
r
0 ζ (resp. J
r
0χ). But on W
ν , det(yki ) 6= 0, where
1 6 i, k 6 n. Consequently, there exist functions zij :W
ν → R such that zijy
k
i = δ
k
j . Conditions (3.2) now
imply, for A = k = 1, 2, . . . , n,
y¯ki1i2...is =
s∑
p=1
∑
(I1I2,... ,Ip)
aj1I1a
j2
I2
. . . a
jp
Ip
ykj1j2...jp
=
s∑
p=2
∑
(I1I2,...,Ip)
aj1I1a
j2
I2
. . . a
jp
Ip
ykj1j2...jp + a
j1
i1i2...is
ykj1 ,
which allows to determine the canonical coordinates of the group element Jr0α by the recurrent formula
aqi1i2...is = z
q
k
(
y¯ki1i2...is −
s∑
p=2
∑
(I1I2,... ,Ip)
aj1I1a
j2
I2
. . . a
jp
Ip
ykj1j2...jp
)
. (3.4)
Taking A = σ = n+ 1, n+ 2, . . . , n+m in (3.2) and substituting from (3.4) we get
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y¯σi1i2...is =
s∑
p=1
∑
(I1,I2,... ,Ip)
aj1I1a
j2
I2
. . . a
jp
Ip
yσj1j2...jp , (3.5)
where the group parameters ajI are all certain rational functions of y
λ
j1j2...js
, y¯λj1j2...js . These are the desired
equations of the equivalence R on W ν ×W ν .
Now define a new chart on Imm T rnY × ImmT
r
nY , (W
ν ×W ν ,Φν), where
Φν = (yA, yAj1 , y
A
j1j2
, . . . , yAj1j2...jr ,Φ
σ,Φσj1 ,Φ
σ
j1j2
, . . . ,Φσj1j2...jr , y¯
k, y¯kj1 , y¯
k
j1j2
, . . . , y¯kj1j2...jr ),
is the collection of coordinate functions, by
Φσ = y¯σ − yσ, Φσi1i2...is = y¯
σ
i1i2...is
−
s∑
p=1
∑
(I1,I2,... ,Ip)
aj1I1a
j2
I2
. . . a
jp
Ip
yσj1j2...jp .
In terms of this new chart, the equivalence R has equations Φσ = 0,Φσi1i2...is = 0, and is therefore a closed
submanifold of ImmT rnY × ImmT
r
nY .
(b) Assume that for some Jr0 ζ ∈ ImmT
r
nY and J
r
0α ∈ L
r
n, J
r
0 ζ ◦ J
r
0α = J
r
0 ζ. Then equations (3.2)
reduce to
yAi1i2...is =
s∑
p=1
∑
(I1,I2,... ,Ip)
aj1I1a
j2
I2
. . . a
jp
Ip
yAj1j2...jp ,
which gives us, using (3.4), api = δ
p
i , a
p
i1i2
= 0, . . . , api1i2...ir = 0, i.e., J
r
0α = J
r
0 idRn . This completes the
proof.
We have the following corollaries.
Corollary 1. The orbit space P rnY = ImmT
r
nY/L
r
n has a unique smooth structure such that the canonical
quotient projection ρrn : ImmT
r
nY → P
r
nY is a surjective submersion. The dimension of P
r
nY is
dimP rnY = m
(
n+ r
n
)
+ n.
The following corollary solves the problem of finding all Lrn-invariant functions on ImmT
r
nY . It says
that the projection ρrn : ImmT
r
n → P
r
nY is the basis of L
r
n-invariant functions.
Corollary 2. Every Lrn-invariant function f : W → R, where W ⊂ Imm T
r
nY is an L
r
n-invariant open
set, can be factored through the projection mapping ρrn : ImmT
r
nY → P
r
nY .
Now we are going to construct charts on ImmT rnY adapted to the right action (3.1) of the differential
group Lrn. We may consider, for example, the charts (3.3) with ν = (1, 2, . . . , n).
Theorem 2. Let (V, ψ), ψ = (yA), be a chart on Y, (V rn , ψ
r
n), ψ
r
n = (y
A
i1i2...is
), s 6 r, the associated
chart on ImmT rnY , and W =
{
Jr0 ζ ∈ V
r
n | det(y
i
j(J
r
0 ζ)) 6= 0
}
, 1 6 i, j 6 n. There exist unique functions
wσ, wσj1 , w
σ
j1j2
, . . . , wσj1j2...jr defined on W such that
yσ = wσ, yσp1p2...pk =
k∑
q=1
∑
(I1,I2,... ,Iq)
yj1I1y
j2
I2
. . . y
jq
Iq
wσj1j2...jq . (3.6)
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The pair (W,Φ), where Φ = (wσ , wσp1 , w
σ
p1p2
, . . . , wσp1p2...pr , y
i, yij1 , y
i
j1j2
, . . . , yij1j2...jr ), is a chart on
ImmT rnY . The functions w
σ , wσj1 , w
σ
j1j2
, . . . , wσj1j2...jr satisfy the recurrent formula
wσj1j2...jkjk+1 = z
s
jk+1
dsw
σ
j1j2...jk
, (3.7)
and are Lrn-invariant.
Proof. We proceed by induction.
1. We prove that the assertion is true for r = 1. Consider the pair (W,Φ),Φ = (wσ, wσp1 , y
i, yij1),
where wσ = yσ, wσj = z
k
j y
σ
k . Obviously y
σ
p = y
j
pw
σ
j , which implies that (W,Φ) is a new chart. Moreover,
wσj = z
k
j dky
σ = zkj dkw
σ . It remains to show that the functions wσj are L
1
n-invariant. Since the group
action (3.2) is expressed by y¯i = yi, y¯σ = yσ, y¯ip = a
j
py
i
j , y¯
σ
p = a
j
py
σ
j , the inverse of the matrix y¯
i
p = a
j
py
i
j is
z¯pq = z
s
qb
p
s, where b
p
s stands for the inverse of a
p
s. Hence w¯
σ
j = z¯
k
j y¯
σ
k = z
s
j b
k
sa
p
ky
σ
p = z
p
j y
σ
p = w
σ
j proving the
invariance.
2. Assume that formulas (3.6), (3.7) hold for k = r − 1. Write (3.6) in the form
yσp1p2...pk =
k∑
q=1
∑
(I1,I2,... ,Iq)
yj1I1y
j2
I2
. . . y
jq
Iq
wσj1j2...jq .
Then
yσp1p2...pkpk+1 = dpk+1y
σ
p1p2...pk
=
k∑
q=1
∑
(I1,I2,... ,Iq)
(dpk+1(y
j1
I1
yj2I2 . . . y
jq
Iq
)wσj1j2...jq + y
j1
I1
yj2I2 . . . y
jq
Iq
yjq+1pk+1z
s
jq+1
dsw
σ
j1j2...jq
).
In this formula we sum through all partitions (I1, I2, . . . , Iq) of the set {p1, p2, . . . , pk}. On the other
hand, when passing to all partitions (J1, J2, . . . , Jq) of the set {p1, p2, . . . , pk, pk+1} we get
yσp1p2...pkpk+1
=
k∑
q=1
∑
(I1,I2,... ,Iq)
(dpk+1(y
j1
I1
yj2I2 . . . y
jq
Iq
)wσj1j2...jq + y
j1
I1
yj2I2 . . . y
jq
Iq
yjq+1pk+1z
s
jq+1
dsw
σ
j1j2...jq
)
=
k∑
q=1
∑
(J1,J2,... ,Jq)
yj1J1y
j2
J2
. . . y
jq
Jq
wσj1j2...jq + y
j1
p1
yj2p2 . . . y
jq
pq
yjq+1pk+1z
s
jq+1
dsw
σ
j1j2...jq
,
(3.8)
and we see that (3.8) has the same form as (3.6), where wσj1j2...jkjk+1 = z
s
jk+1
dsw
σ
j1j2...jk
. Uniqueness is
immediate since wσj1j2...jkjk+1 may be expressed explicitly from (3.8).
It remains to prove the invariance condition w¯σj1j2...js = w
σ
j1j2...js
.
Since the points Jr0 ζ ◦ J
r
0α and J
r
0 ζ belong to the same orbit, their coordinates satisfy the recurrence
formula (3.5):
y¯σi1i2...is =
s∑
p=1
∑
(I1,I2,... ,Ip)
aj1I1a
j2
I2
. . . a
jp
Ip
yσj1j2...jp , s = 1, 2, . . . , r,
in which
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aqk1k2...kt = z
q
k
(
y¯ki1i2...it −
t∑
p=2
∑
(K1,K2,... ,Kp)
aj1I1a
j2
I2
. . . a
jp
Ip
ykj1j2...jp
)
for all t 6 s (see (3.4)). Here (I1, I2, . . . Ip) is a partition of the set {i1, i2, . . . is} and (K1,K2, . . .Kp)
{k1, k2, . . . kt}. Using (3.6) we can write
y¯σi1i2...is =
s∑
p=1
∑
(I1,I2,... ,Ip)
y¯j1I1 y¯
j2
I2
. . . y¯
jp
Ip
w¯σj1j2...jp ,
yσj1j2...js =
p∑
l=1
∑
(J1,J2,... ,Jl)
yt1J1y
t2
J2
. . . ytlJlw
σ
t1t2...tl
,
where (I1, I2, . . . Ip) is a partition of the set {i1, i2, . . . is} and (J1, J2, . . . Jl) is a partition of the set
{j1, j2, . . . jp}. This gives us the equation
s∑
p=1
∑
(I1,I2,... ,Ip)
y¯j1I1 y¯
j2
I2
. . . y¯
jp
Ip
w¯σj1j2...jp
=
s∑
p=1
∑
(I1,I2,... ,Ip)
aj1I1a
j2
I2
. . . a
jp
Ip
( p∑
l=1
∑
(J1,J2,... ,Jl)
yt1J1y
t2
J2
. . . ytlJlw
σ
t1t2...tl
)
.
(3.9)
Now we wish to determine the terms wσt1t2...tp on the right side with fixed p. Changing the notation of
the indices, we get the expression
s∑
q=1
∑
(I1,I2,... ,Ip)
aj1I1a
j2
I2
. . . a
jq
Iq
( q∑
p=1
∑
(J1,J2,... ,Jp)
yt1J1y
t2
J2
. . . y
tp
Jp
wσt1t2...tp
)
from which we see that wσt1t2...tp are contained in every summand with q > p. Thus, the required terms
are given by
( s∑
q=p
∑
(I1,I2,... ,Iq)
∑
(J1,J2,... ,Jp)
aj1I1a
j2
I2
. . . a
jq
Iq
yt1J1y
t2
J2
. . . y
tp
Jp
)
wσt1t2...tp .
In this formula (I1, I2, . . . Iq) is a partition of the set {i1, i2, . . . is}, and (J1, J2, . . . Jp) is a partition of
the set {j1, j2, . . . jq}.
Now we adopt the following notation. If I = (i1, i2, . . . is) is a multi-index, then (I1, I2, . . . Ip) ∼ I
means that (I1, I2, . . . Ip) is a partition of the set {i1, i2, . . . is}.
As before, let I = (i1, i2, . . . is), and let p be fixed. We wish to show that( ∑
(I1,I2,... ,Ip)
y¯j1I1 y¯
j2
I2
. . . y¯
jp
Ip
)
wσj1j2...jp
=
( s∑
q=p
∑
(I1,I2,... ,Iq)
∑
(J1,J2,... ,Jp)
aj1I1a
j2
I2
. . . a
jq
Iq
yt1J1y
t2
J2
. . . y
tp
Jp
)
wσt1t2...tp .
(3.10)
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Write the transformation formula (2.16) in the form
y¯AI =
|I|∑
p=1
∑
(I1,I2,... ,Ip)
aj1I1a
j2
I2
. . . a
jp
Ip
yAj1j2...jp , (I1, I2, . . . Ip) ∼ I.
Using the same notation, we have
y¯tkIk =
|Ik|∑
qk=1
∑
(Ik,1,Ik,2,... ,Ik,qk )
a
jk,1
Ik,1
a
jk,2
Ik,2
. . . a
jk,qk
Ik,qk
ytkjk,1jk,2...jk,qk
, (Ik,1, Ik,2, . . . Ik,qk) ∼ Ik,
where (I1, I2, . . . Ip) ∼ I. Thus,
( ∑
(I1,I2,... ,Ip)
y¯j1I1 y¯
j2
I2
. . . y¯
jp
Ip
)
wσj1j2...jp =
( |I1|∑
q1=1
∑
(I1,1,I1,2,... ,I1,q1 )
a
j1,1
I1,1
a
j1,2
I1,2
. . . a
j1,q1
I1,q1
yt1J1
)
( |I2|∑
q2=1
∑
(I2,1,I2,2,... ,I2,q2 )
a
j2,1
I2,1
a
j2,2
I2,2
. . . a
j2,q2
I2,q2
yt2J2
)
. . .
( |Ip|∑
qp=1
∑
(Ip,1,Ip,2,... ,Ip,qp )
a
jp,1
Ip,1
a
jp,2
Ip,2
. . . a
jp,qp
Ip,qp
y
tp
Jp
)
wσt1t2...tp ,
where J1 = (j1,1j1,2 . . . j1,q1), J2 = (j2,1j2,2 . . . j2,q2), . . . and Jp = (jp,1jp,2 . . . jp,qp).
This expression can be written in a different way. Notice that since (Ii,1, Ii,2, . . . Ii,qi ) ∼ Ii, then
(I1,1, I1,2, . . . I1,q1 , I2,1, I2,2, . . . I2,q2 , . . . Ip,1, Ip,2, . . . Ip,qp) ∼ I
|I1|+ |I2|+ . . .+ |Ip| = |I| = s.
and if we define q = q1 + q2 + . . . + qp, we get p 6 q 6 |I1| + |I2| + . . . + |Ip| = |I| = s. Now, having in
mind the corresponding summation ranges,( ∑
(I1,I2,... ,Ip)
y¯j1I1 y¯
j2
I2
. . . y¯
jp
Ip
)
wσj1j2...jp
=
∑
a
j1,1
I1,1
a
j1,2
I1,2
. . . a
j1,q1
I1,q1
a
j2,1
I2,1
a
j2,2
I2,2
. . . a
j2,q2
I2,q2
. . . a
jp,1
Ip,1
a
jp,2
Ip,2
. . . a
jp,qp
Ip,qp
yt1J1y
t2
J2
. . . y
tp
Jp
wσt1t2...tp .
If we denote
(s1, s2, . . . sq) = (j1,1, j1,2, . . . j1,q1 , j2,1, j2,2, . . . j2,q2 , . . . jp,1, jp,2, . . . jp,qp)
and
(P1, P2, . . . Pq) = (I1,1, I1,2, . . . I1,q1 , I2,1, I2,2, . . . I2,q2 , . . . Ip,1, Ip,2, . . . Ip,qp)
it is immediate that (P1, P2, . . . Pq) ∼ I, and
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( ∑
(I1,I2,... ,Ip)
y¯j1I1 y¯
j2
I2
. . . y¯
jp
Ip
)
wσj1j2...jp
=
( s∑
q=p
∑
(P1,P2,...Pq)
∑
(J1,J2,...Jp)
as1P1a
s2
P2
. . . a
sq
Pq
yt1J1y
t2
J2
. . . y
tp
Jp
)
wσt1t2...tp .
This proves (3.10).
Returning to (3.9), and substituting from (3.10) we get a basic formula
s∑
p=1
∑
(I1,I2,...Ip)
y¯j1I1 y¯
j2
I2
. . . y¯
jp
Ip
(w¯σj1j2...jp − w
σ
j1j2...jp
) = 0. (3.11)
Now it is easy to show that w¯σj1j2...js −w
σ
j1j2...js
= 0 provided w¯σj1j2...jk −w
σ
j1j2...jk
= 0 for all k 6 s− 1.
If s = 1, we get y¯j1i1 (w¯
σ
j1
− wσj1) = 0, and since the matrix y¯
j
i is regular, w¯
σ
j = w
σ
j .
If s = 2, we have y¯j1i1i2(w¯
σ
j1
− wσj1 ) + y¯
j1
i1
y¯j2i2 (w¯
σ
j1j2
− wσj1j2) = y¯
j1
i1
y¯j2i2 (w¯
σ
j1j2
− wσj1j2) = 0, which implies,
again using regularity of the matrix y¯ji , that w¯
σ
j1j2
= wσj1j2 .
Now assume that w¯σj1j2...jk − w
σ
j1j2...jk
= 0 for all k 6 s− 1. Then (3.11) reduces to
y¯j1i1 y¯
j2
i2
. . . y¯jsis (w¯
σ
j1j2...js
− wσj1j2...js) = 0,
which gives us w¯σj1j2...js − w
σ
j1j2...js
= 0 as required.
This completes the proof.
Denote
∆i = z
s
i ds. (3.12)
Properties of the group action of Lrn on Imm T
r
nY can now be summarized as follows.
Corollary 1. The group action (3.1) is expressed on W by the equations
y¯k = yk, y¯ki1i2...is =
s∑
p=1
∑
(I1,I2,... ,Ip)
aj1I1a
j2
I2
. . . a
jp
Ip
ykj1j2...jp ,
w¯σj1j2...js = w
σ
j1j2...js
, 0 6 s 6 r.
Equations wσj1j2...js = c
σ
j1j2...js
, where cσj1j2...js ∈ R are equations of the orbits of this action, and the
functions yi, wσj1j2...js represent a complete system of real-valued L
r
n-invariants on W . Moreover, each of
these invariants arises by applying a sequence of the vector fields ∆i to the invariants w
σ.
Our aim now will be to express the vector fields ∆i in terms of the adapted charts (W,Φ) (Theorem 2).
Corollary 2. The vector field ∆i has an expression
∆i(J
r
0 ζ) =
∂
∂yi
+
r−1∑
l=0
∑
p16p26...6pl
wνp1p2...pli(J
r
0 ζ)
(
∂
∂wνp1p2...pl
)
Jr
0
ζ
+
r−1∑
l=1
∑
p16p26...6pl
zsi (J
r
0 ζ)y
k
p1p2...pls
(Jr0 ζ)
(
∂
∂ykp1p2...pl
)
Jr
0
ζ
.
(3.13)
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Proof. We proceed by direct computation, using (2.5) and Theorem 2.
Note that at every point of its domain, the vector fields ∆i (3.12) span an n-dimensional vector subspace
of the tangent space of Imm T r−1n Y , determined independently of charts. Indeed, if (V, ψ), and (V¯ , ψ¯),
are two charts, then by (2.6),
∆¯i = z¯
s
i d¯s = z¯
s
i ds = z¯
s
i δ
p
sdp = z¯
s
i y
q
sz
p
qdp = z¯
s
i y
q
s∆p. (3.14)
In the following corollary we use these vector fields to derive the transformation properties of the
functions wνp1p2...pk . Denote P = (P
i
j ), where
P ij =
∂y¯i
∂yj
+ wνj
∂y¯i
∂wν
.
Taking r = 1 in (3.14), we get
∆¯i =
∂
∂y¯i
+ w¯ν
∂
∂w¯ν
= z¯si y
q
s∆q
= z¯si y
q
s
(
∂y¯i
∂yq
+ wνj
∂y¯i
∂wν
)
∂
∂y¯j
+ z¯si y
q
s
(
∂w¯ν
∂yq
+ wλq
∂w¯ν
∂wλ
)
∂
∂w¯ν
,
from which it follows that δji = z¯
s
i y
q
sP
j
i , w¯
ν
i = z¯
s
i y
q
s∆qw¯
ν . The first of these conditions implies that the
matrix P is regular, and its inverse, P−1 = Q = (Qij), satisfies
Qij = z¯
s
jy
i
s.
From the second condition we derive the following formula w¯νi = Q
q
i∆qw¯
ν .
Corollary 3. Let (V, ψ), ψ = (yA), and (V¯ , ψ¯), ψ¯ = (y¯A) be two charts on Y , such that V ∩ V¯ 6= ∅.
Consider the associated charts (V rn , ψ
r
n) and (V¯
r
n , ψ¯
r
n) and the charts (W,Φ) and (W¯ , Φ¯) on ImmT
r
nY .
Let the transformation equations from (V, ψ) to (V¯ , ψ¯) be written in the form
y¯i = F i(yk, wν), w¯σ = F σ(yk, wν).
Then the functions wνi1i2...ikik+1 obey the transformation formulas
w¯νi1i2...ikik+1 = Q
p
ik+1
∆pw¯
ν
i1i2...ik
. (3.15)
Proof. By hypothesis, det(yki ) 6= 0, hence det(y¯
k
i ) 6= 0. Therefore, using (3.7) we get w¯
ν
i1i2...ikik+1
=
z¯sik+1δ
j
sdjw¯
ν
i1i2...ik
= z¯sik+1y
p
sz
j
pdjw¯
ν
i1i2...ik
= Qpik+1∆pw¯
ν
i1i2...ik
.
A point of P rnY containing a regular (r, n)-velocity J
r
0 ζ is called an (r, n)-contact element, or an r-
contact element of an n-dimensional submanifold of Y , and is denoted by [Jr0 ζ]. As in the case of r-jets,
the point 0 ∈ Rn (resp. ζ(0) ∈ Y ) is called the source (resp. the target) of [Jr0 ζ]. The set G
r
n of (r, n)-
contact elements with source 0 ∈ Rn and target 0 ∈ Rn+m, endowed with the natural smooth structure,
is called the (r, n)-Grassmannian, or simply a higher order Grassmannian. It is standard to check that
the manifold P rnY = ImmT
r
nY/L
r
n is a fiber bundle over Y with fiber G
r
n. P
r
nY with this structure is
called the (r, n)-Grassmannian bundle, or simply a higher order Grassmannian bundle over Y .
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Besides the quotient projection ρrn : ImmT
r
nY → P
r
n (Corollary 1 to Theorem 1) we have for every
s, 0 6 s 6 r, the canonical projection of P rnY onto P
s
nY defined by ρ
r,s
n ([J
r
0 ζ]) = [J
s
0 ζ].
Now we are going to introduce some charts on the manifold of contact elements P rnY . To this purpose
we consider the adapted charts on ImmT rnY, (W,Φ),
Φ = (wσ, wσp1 , w
σ
p1p2
, . . . , wσp1p2...pr , y
i, yij1 , y
i
j1j2
, . . . , yij1j2...jr ),
introduced in Theorem 2. We denote W˜ = ρrn(W ), and if J
r
0 ζ ∈W , we define
Φ˜ = (y˜i, w˜σ, w˜σj1 , w˜
σ
j1j2
, . . . , w˜σj1j2...jr )
by
y˜i([Jr0 ζ]) = y
i(Jr0 ζ), w˜
σ
j1j2...jk
([Jr0 ζ]) = w
σ
j1j2...jk
(Jr0 ζ). (3.16)
Then the pair (W˜ , Φ˜) is the associated chart on P rnY . In terms of (W,Φ) and (W˜ , Φ˜) the quotient
projection ρrn is expressed by the equations
y˜i ◦ ρrn = y
i, w˜σj1j2...jk ◦ ρ
r
n = w
σ
j1j2...jk
. (3.17)
Consider a point Jr0 ζ ∈W , and the vector subspace of the tangent space Tρrn(Jr0 ζ)P
r
nY spanned by the
vectors TJr
0
ζρ
r
n ·∆i(J
r
0 ζ), where the vectors ∆i(J
r
0 ζ) are defined by (3.13) and (2.5). Indeed, this vector
subspace is independent of the choice of a chart used in the definition of di. It follows from (3.13) and
(3.17) that the vector field ∆i is ρ
r
n-projectable, and its ρ
r
n-projection is the vector field
∆˜i =
∂
∂y˜i
+
r−1∑
p=0
∑
j16j26...6jp
w˜σj1j2...jpi
∂
∂w˜σj1j2...jp
.
Thus we have the following commutative diagram:
ImmT rn
∆i−−−−→ T ImmT r−1nyρrn yTρrn
P rnY
∆˜i−−−−→ TP r−1n Y
From now on we adopt the standard convention for writing fibered coordinates, and we omit the tilde
over the coordinate functions on the left in (3.16). Then the coordinate functions of the chart (W˜ , Φ˜) will
be denoted simply by Φ˜ = (yi, wσ, wσj1 , w
σ
j1j2
, . . . , wσj1j2...jr ).
Let us consider two charts (V, φ), φ = (yA), and (V¯ , φ¯), φ¯ = (y¯A), such that V ∩ V¯ 6= 0, and the
associated charts (V rn , φ
r
n) and (V¯
r
n , φ¯
r
n) on ImmT
r
nY. The transformation equations for the corresponding
associated charts on P rnY are given by w¯
ν
i1i2...ikik+1
= Qpik+1∆pw¯
ν
i1i2...ik
(3.15).
4. Scalar invariants of (r, n)-velocities
Our aim in this section will be to describe all continuous Lrn-invariant, real-valued functions on the
manifold of (r, n)-velocities T rnY .
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As in the case of regular (r, n)-velocities, we denote by ρrn : T
r
nY → T
r
nY/L
r
n the canonical quotient
projection. The quotient set T rnY/L
r
n will be considered with its canonical topological structure; then ρ
r
n
is an open mapping. The set ImmT rn is an open, dense, subset of T
r
n . We have the canonical projection
pirn : T
r
nY/L
r
n → Y , as well as its restriction pi
r
n : Imm T
r
nY/L
r
n → Y to the (r, n)-Grassmann bundle
P rn = ImmT
r
nY/L
r
n, which are both continuous. These mappings define a commutative diagram
ImmT rnY −−−−→ T
r−1
n Yy y
P rnY −−−−→ T
r
nY/L
r
ny y
Y −−−−→ Y
P rnY is an open, dense subset of T
r
nY/L
r
n. Indeed P
r
nY is open in T
r
nY/L
r
n by the definition of the
quotient topology, since ImmT rnY = (ρ
r
n)
−1(P rnY ) is open in T
r
nY. If [J
r
0χ0] ∈ T
r
nY/L
r
n is such that
[Jr0χ0] 6∈ P
r
nY , and W is a neighbourhood of [J
r
0χ0], then (ρ
r
n)
−1(W ) is an open set in T rnY containing
[Jr0χ0] as a subset. Since Imm T
r
nY is dense in T
r
nY , (ρ
r
n)
−1(W )∩ Imm T rnY is a non-empty open subset of
ImmT rnY , and since ρ
r
n is open, the set ρ
r
n((ρ
r
n)
−1(W )∩ Imm T rnY ) is open in P
r
nY. But ρ
r
n((ρ
r
n)
−1(W )∩
ImmT rnY ) ⊂W which means that W contains an element of the set P
r
nY.
Any continuous function on a subset of P rnY defines, when composed with the quotient projection
ρrn : ImmT
r
nY → P
r
nY , an L
r
n-invariant, continuous function on the corresponding subset of ImmT
r
nY ,
and vice versa, any Lrn-invariant, continuous function on an open, L
r
n-invariant subset of P
r
nY can be
factored through ρrn. Since the values of a continuous, real-valued function on T
r
nY/L
r
n are uniquely
determined by its values on P rnY, the projection ρ
r
n is the basis of L
r
n-invariant functions on T
r
nY.
It is now clear that our problem of finding all continuous Lrn-invariant, real-valued function on T
r
nY is
equivalent with the problem of finding continuous functions on open subset of the quotient T rnY/L
r
n. This
gives rise to the problem of continuous prolongation of functions on P rnY to the quotient space T
r
nY/L
r
n.
First we need to discuss separability of the points on T rnY/L
r
n. It is easily seen that the quotient
topology on T rnY/L
r
n is not Hausdorff.
Note that any two points [Jr0χ0], [J
r
0χ] ∈ T
r
nY/L
r
nY such that χ0(0) 6= χ(0), can always be separated
by open sets. This follows from the continuity of the quotient projection of pirn, and from separability of
Y. To study the situation in the fibers, we prove the following lemma.
Lemma 4. Let y ∈ Y be a point, (V, ψ), ψ = (yA) a chart at y, and Jr0χ0 ∈ (τ
r,0
n )
−1(y) the (r, n)-
velocity with target y defined by Jr0χ0 = (y
A, 0, 0, . . . , 0) in the associated chart. Then any Lrn-invariant
neighbourhood of Jr0χ0 contains the fiber (τ
r.0
n )
−1(y).
Proof. The fiber (τr,0n )
−1(y) = (ρr,0n )
−1((τr,0n )
−1(y)) over y ∈ Y in T rnY is endowed with the induced
chart (V rn , ψ
r
n), ψ
r
n = (y
A, yAj1 , y
A
j1j2
, . . . , yAj1j2...jr ). The coordinates y¯
A, y¯Aj1j2...js of the points of the orbit
[Jr0χ0] are given by (2.16),
y¯A = yA, y¯Aj1j2...js =
s∑
p=1
∑
(I1,I2,...Ip)
aj1I1a
j2
I2
. . . a
jp
Ip
yAj1j2...jp ,
where Jr0α ∈ L
r
n, J
r
0α = (a
i
j1
, aij1j2 , . . . , a
i
j1j2...jr
). Thus, y¯A = yA, y¯Aj1j2...js = 0, which means that the
orbit [Jr0χ0] consists of a single point. Let W be an L
r
n-invariant neighbourhood of the point J
r
0χ0. We
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show that each orbit in (τr,0n )
−1(y) has a non-empty intersection with W. Then we apply Lrn-invariance
to obtain the inclusion (τr,0n )
−1(y) ⊂W.
Let us consider an arbitrary element Jr0χ = (y
A, yAj1 , y
A
j1j2
, . . . , yAj1j2...jr ) ∈ (τ
r,0
n )
−1(y), and a one-
parameter family of velocities Jr0χ ◦ J
r
0βτ in (τ
r,0
n )
−1(y) defined in components by
βτ = (β
i
τ ), β
i
τ (t
1, t2, . . . , tn) = τti,
where 0 6 τ 6 1. Then Jr0βτ = (τδ
i
j , 0, 0, . . . , 0), and by (2.16), the L
r
n-orbit of J
r
0χ contains the points
Jr0χ◦J
r
0βτ = (y¯
A, y¯Aj1 , y¯
A
j1j2
, . . . , y¯Aj1j2...jr ) given by y¯
A = yA, y¯Aj1j2...js = τ
sy¯Aj1j2...js . Clearly, for sufficiently
small τ, Jr0χ ◦ J
r
0βτ ∈W.
This shows that the orbits passing through any neighbourhood of the point Jr0χ0, where χ0(0) = y,
fill the whole fiber (τr,0n )
−1(y).
Consider a point y ∈ Y , a chart (V, ψ), ψ = (yA) at y, and the Lrn-orbit [J
r
0χ0] of the velocity J
r
0χ0 =
(yA, 0, 0, . . . , 0) ∈ (τr,0n )
−1(y). Lemma 4 shows that any neighbourhood of the orbit [Jr0χ0] ∈ T
r
nY/L
r
n
contains the fiber (τr,0n )
−1(y) in T rnY/L
r
n over y. This proves, in particular, that no point of (τ
r
n)
−1(y)
can be separated from [Jr0χ0] by open sets.
This gives us the following theorem saying that if a continuous invariant is defined on a fiber in T rnY ,
then it is constant along this fiber.
Theorem 3. Let W be an open, Lrn-invariant set in ImmT
r
nY, f : W → R an L
r
n-invariant function.
Assume that W contains two regular velocities Jr0 ζ, J
r
0χ with common target y = ζ(0) = χ(0), such that
f(Jr0 ζ) 6= f(J
r
0χ). Then f cannot be continuously prolonged to the fiber τ
r,0
n (y) ⊂ ImmT
r
nY .
Proof. Indeed, since R is Hausdorff, any continuous, Lrn-invariant, real-valued function takes the same
value at the points which cannot be separated by open sets. Assume that f can be prolonged to the fiber
τr,0n (y) ⊂ ImmT
r
nY. Then by lemma 4, f is equal along the fiber τ
r,0
n (y) to f(J
r
0χ0) = const, which is a
contradiction.
In particular, none of the Lrn-invariant function w
σ
j1j2...jk
(Theorem 2) can be prolonged to a fiber
(τr,0n )
−1(y).
Now it is immediate that each Lrn-invariant function on T
r
nY is trivial in the following sense.
Corollary 1. A, continuous function f : T rnY → R is L
r
n-invariant if and only if f = F ◦ τ
r,0
n , where
F : Y → R is a continuous function.
5. Appendix: Regular (2, n)-velocities
As before, Y denotes a smooth manifold of dimension n+m. In this section we consider the manifold
ImmT 2nY of regular (2, n)-velocities on Y , and the Grassmann bundle P
2
nY. We wish to collect in an
explicit form all basic formulas concerning charts and invariants in this case, which will be important for
applications.
If (V, ψ), ψ = (yA), is a chart on Y , define V 2n = (τ
2,0
n )
−1(V ) and ψ2n = (y
A, yAi , y
A
ij) where 1 6 A 6 n+
m, 1 6 i 6 j 6 n, by the formulas yA(J20 ζ) = y
A(ζ(0)), yAi (J
2
0 ζ) = Diy
A(ζ(0)), yAij(J
2
0 ζ) = DiDjy
A(ζ(0)).
If (V¯ , ψ¯), ψ¯ = (y¯A), is another chart on Y , and the transformation equations are written as y¯A = FA(yB),
then
y¯A = FA(yB), y¯Ai =
∂FA
∂yB
yBi , y¯
A
ij =
∂2FA
∂Y B∂yC
yBi y
C
j +
∂FA
∂yB
yBij (5.1)
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on V 2n ∩ V¯
2
n (see (2.9)-(2.11)).
If f : V 1n → R is a smooth function, we define a function dif : V
2
n → R by
dif =
∂f
∂yA
yAi +
∂f
∂yAj
yAij
(the i-th formal derivative of f). In particular, diy
A = yAi , diy
A
j = y
A
ij .
By definition, rank(yBs (J
2
nζ)) = n at every point J
2
nζ ∈ V
2
n . Thus, there exists a subsequence I =
(A1, A2, . . . , An) of the sequence (1, 2, . . . , n, n+ 1, n+m) such that det(y
Ai
j (J
2
nζ)) 6= 0. Denote V
2(I)
n =
{J20 ζ ∈ V
2
n | det(y
Ai
j (J
2
nζ)) 6= 0}. If ψ
2(I)
n is the restriction of ψ2n to V
2(I)
n , then the pair (V
2(I)
n , ψ2n), ψ
2(I)
n =
(yA, yAi , y
A
ij), is a chart on Imm T
2
nY , and⋃
I
V 2(I)n = V
2
n .
By (2.14), the group multiplication (J2nα, J
2
nβ)→ J
2
nα ◦ J
2
nβ in the second differential group L
2
n of R
n
is given in the canonical coordinates by
cki = b
p
i a
k
p, c
k
ij = b
p
ija
k
p + b
p
i b
q
ja
k
pq. (5.2)
Indeed, in this formula akp, a
k
pq (resp. b
k
p, b
k
pq, resp. c
k
p, c
k
pq) are the coordinates of J
2
0α (resp. J
2
0β, resp.
J20α ◦ J
2
0β). L
2
n acts on ImmT
2
nY smoothly to the right by the jet composition (J
2
0 ζ ◦ J
2
0α)→ J
2
0 ζ ◦ J
2
0α.
This action is expressed by
y¯A = yA, y¯Ai = y
A
s a
s
i , y¯
A
ij = y
A
pqa
p
i a
q
j + y
A
p a
p
ij , (5.3)
where yA, yAi , y
A
ij are the coordinates of a velocity J
2
0 ζ, and y¯
A, y¯Ai , y¯
A
ij are the coordinates of the trans-
formed velocity J20 ζ ◦ J
2
0α.
Now we are going to construct an atlas on ImmT 2nY , adapted to this group action. Given a chart
(V, ψ), ψ = (yA), we note that the action (5.3) preserves each of the sets V
2(I)
n . Indeed, if J20 ζ ∈ V
2(I)
n ,
then by definition, the matrix yAij = y
Ai
j (J
2
0 ζ) is of maximal rank, and the second equation (5.3) implies
that the matrix y¯Aij = y
Ai
j (J
2
0 ζα) of the transformed point is also of maximal rank.
Consider for example the case I = (1, 2, . . . , n). Then det(yij) 6= 0 for 1 6 i, j 6 n (i.e. on V
2(I)
n ). We
define smooth functions zij : V
2(I)
n → R by zipy
p
j = δ
i
j . These functions form a regular matrix on V
2(I)
n .
Equations (5.3) then give for A = k = 1, 2, . . . , n
zkp y¯
p
i = a
k
i , z
k
s y¯
s
ij = z
k
s y
s
pqa
p
i a
q
j + z
k
s y
s
pa
p
ij = z
k
s y
s
pqz
p
r y¯
r
i z
q
t y¯
t
j + a
k
ij ,
and for A = σ = n+ 1, n+ 2, . . . ,m
y¯A = yA, y¯Ai = y
A
s z
s
py¯
p
i , y¯
A
ij = y
A
pqz
p
s y¯
s
i z
q
t y¯
t
j + y
A
k (z
k
s y¯
s
ij − z
k
s y¯
s
pqz
p
r y¯
r
i z
q
t y¯
t
j).
Since the second formula gives us the relation z¯ij y¯
σ
i = z
s
jy
σ
s , and the third one implies
z¯iuz¯
j
v(y¯
σ
ij − z¯
k
s y¯
σ
k y¯
s
ij) = y
σ
pqz
p
uz
q
v − z
k
s y
σ
ky
s
pqz
p
uz
q
v = z
p
uz
q
v(y
σ
pq − z
k
s y
σ
ky
s
pq),
we finally get
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y¯A = yA, z¯ij y¯
σ
i = z
s
jy
σ
s , and z¯
i
uz¯
j
v(y¯
σ
ij − z¯
k
s y¯
σ
pqy¯
s
ij) = z
p
uz
q
v(y
σ
pq − z
k
s y
σ
ky
s
pq).
Therefore, the functions
yi, wσ = yσ, wσi = z
s
i y
σ
s , w
σ
ij = z
p
i z
q
j (y
σ
pq − z
k
s y
σ
ky
s
pq) (5.4)
are constant along the L2n-orbits in V
2(I)
n ⊂ ImmT 2nY , and the functions y
i, wσ , wσij , y
i
j , y
i
jk define a new
chart on the set V
2(I)
n adapted to the group action of L2n. The right action (5.3) is expressed in terms of
this new chart by y¯i = yi, w¯σ = wσ, w¯σij = w
σ
ij , y¯
k
i = y
k
sa
s
i , y¯
k
ij = y
k
pqa
p
i a
q
j + y
k
pa
p
ij . The functions (5.4) are
components of the quotient projection ρ2n, of the manifold of regular (2, n)-velocities ImmT
2
nY onto the
(2, n)-Grassmann bundle P 2nY , and form a basis of L
2
n-invariant functions on V
2(I)
n .
A direct interpretation of the coordinate functions (5.4) is obtained as follows. Let (V, ψ), ψ = (xi, yσ),
be a chart on Y , and let J20 ζ ∈ V
2(I)
n . We assign to the 2-jet J20 ζ an element J
2
0α ∈ L
2
n by means
of a representative α satisfying, in addition to the condition α(0) = 0, the following two conditions
asi (J
2
0α) = Diα
s(0) = ysi (J
2
0 ζ), a
s
ij(J
2
0α) = DiDjα
s(0) = ysij(J
2
0 ζ). Then it is easily seen that
air(J
2
0α
−1) = Dr(α
−1)i(0) = zir(J
2
0 ζ),
airs(J
2
0α
−1) = DrDs(α
−1)i(0) = −zjr(J
2
0 ζ)z
k
s a
i
r(J
2
0 ζ)y
p
jk(J
2
0 ζ),
and we get for the coordinates of the 2-jet J20 (ζ ◦ α
−1) ∈ V
2(I)
n , by (5.4),
yi(J20 (ζ ◦ α
−1)) = yi(J20 ζ), y
k
i (J
2
0 (ζ ◦ α
−1)) = δki , y
k
ij(J
2
0 (ζ ◦ α
−1)) = 0,
yσ(J20 (ζ ◦ α
−1)) = wσ(J20 ζ), y
σ
i (J
2
0 (ζ ◦ α
−1)) = wσi (J
2
0 ζ),
yσij(J
2
0 (ζ ◦ α
−1)) = wσij(J
2
0 ζ),
where k = 1, 2, . . . , n σ = n+1, n+2, . . . ,m. This represents the desired interpretation of the functions
(5.4) as jet coordinates of the 2-jets J20 ζ ◦ J
2
0α, with J
2
0α determined by the considered chart.
One can determine the transformation formulas from ψ2n(J
2
0 (ζ ◦α
−1)) to ψ¯2n(J
2
0 (ζ ◦ α¯
−1)), with obvious
meaning of α¯. These formulas illustrate the well-known fact that the higher order Grassmann bundles have
a relatively complicated smooth structure. Consider an element J20 ζ ∈ V
2(I)
n ∩ V¯
2(I)
n . The corresponding
computations for J20 ζ ∈ V
2(J)
n ∩ V¯
2(J)
n with arbitrary I, J are quite analogous. We have
ψ¯2n(J
2
0 (ζ ◦ α¯
−1)) = ψ¯2n(J
2
0 (ζ ◦ α
−1 ◦ αα¯−1)) = ψ¯2n(J
2
0 (ζ ◦ α
−1)) ◦ J20 (αα¯
−1))
= ψ¯2n(ψ
2
n)
−1(ψ2n(J
2
0 (ζ ◦ α
−1) ◦ J20 (αα¯
−1))).
To derive explicit expressions, one has to substitute for the group multiplication (5.2), the group action
(5.3), and the transformation (5.1) in this formula. Denoting
P qs =
∂F q
∂ys
+
∂F q
∂yν
wνs ,
we get a regular matrix P = (P qs ). Let Q = P
−1 = (Qij) be its inverse. Then
y¯qi = P
q
s y
s
i , z¯
q
i = Q
s
iz
q
s .
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After a tedious but straightforward calculation we get the following result. Given the transformation
equations on Y, y¯k = F k(yp, yν), y¯σ = F σ(yp, yν), then on V
2(I)
n ∩ V¯
2(J)
n ,
y¯k = F k(yp, yν), w¯σ = F σ(yp, yν), w¯σi = Q
p
i
(
∂F σ
∂yp
+
∂F σ
∂wν
wνp
)
,
w¯σij = Q
p
iQ
q
j
(
∂2F σ
∂yp∂yq
+
∂2F σ
∂yp∂wν
wνq +
∂2F σ
∂wν∂yq
wνp +
∂2F σ
∂wµ∂wν
wµpw
ν
q +
∂F σ
∂wν
wνpq
)
−QaiQ
b
jQ
p
k(
∂F σ
∂yp
+
∂F σ
∂wν
wνp
)(
∂2F k
∂ya∂yb
+
∂2F k
∂ya∂wσ
wσb +
∂2F k
∂wσ∂yb
wσa +
∂2F k
∂wσ∂wλ
wσaw
λ
b +
∂F k
∂wλ
wλab
)
.
Clearly, these equations represent the transformation formulas for the induced charts on the (2, n)-
Grassmann bundle P 2nY.
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